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Abstract
We propose a new unified formulation of the current algebra theory in terms of su-
pergeometry. We take a QP-structure, i.e. a differential graded symplectic structure, on
a graded cotangent bundle as a fundamental framework. A Poisson bracket in a current
algebra is constructed by the so called derived bracket of the graded Poisson structure
induced from the above symplectic structure. By taking a canonical transformation on
a QP-manifold, correct anomalous terms in physical theories are derived. A large class
of current algebras with and without anomalous terms are constructed from this struc-
ture. Moreover, a new class of current algebras related higher structures are obtained
systematically.
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1 Introduction
A current algebra is a Poisson algebra for conserved currents in a quantum field theory [41].
For instance, the commutation relation of currents J ’s for a nonabelian Lie group are
[Ja(σ), Jb(σ
′)] = fab
cJc(σ)δ
n(σ − σ′), (1.1)
where fab
c is the structure constant of the corresponding Lie algebra and σ and σ′ are lo-
cal coordinates on a space. In general, extra terms called anomalous terms appear in the
commutators:
[Ja(σ), Jb(σ
′)] = fab
cJc(σ)δ(σ − σ
′) + anomalous terms, (1.2)
which contain derivatives of the delta function δ(σ − σ′). They appear in many important
physical models such as a chiral current in the gauge theories, the Kac-Moody algebra in the
theories in (1 + 1) dimensions, etc. These breaking terms of Poisson brackets are important
to analyze a consistent quantum field theory [14, 15].
Recently, current algebras with higher structures have been constructed. This has been
firstly observed in [3], in which a Courant algebroid structures appear in a current algebra of a
2-dimensional sigma model. Current algebras with higher algebroid structures have also been
formulated, which include current algebras of p-brane sigma models [9, 16, 23]. However, we
do not have a general geometrical framework to describe anomalous terms. It is important to
construct a general formalism in order to understand algebraic and geometric structure of a
generalized current algebra theory. This article proposes a new geometric formulation based
on supergeometry to understand higher algebroid current algebras and their anomaly terms.
Supergeometry appears in many subjects in mathematics and physics. It is closely con-
nected to the physical formalisms such as supersymmetry [30], and the BRST-BV-BFV for-
malism [5, 7, 18]. A recent interesting application of supergeometry to physical theories is the
AKSZ formalism of topological sigma models [4, 10, 34, 24]. Moreover structures from various
algebroids such as Poisson structures, Lie algebroids, Lie n-algebroids and Dirac structures
are naturally formulated by supergeometry [32, 38]. Our theory is directly connected to above
structures.
Recently the authors have introduced notion of a tower of (twisted) differential graded
symplectic structures satisfying compatibility conditions on two graded manifolds M and
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T ∗[n+ 1]M [25]. They unify geometric structures nontwisted and twisted differential graded
symplectic manifolds (which can break the classical master equation). Moreover they have
provided mathematical structure of AKSZ sigma models with boundary. In this paper, we
show similar structures are also proper framework for the current algebra theory.
In this paper, we construct a general supergeometric formalism of current algebra theory.
The anomalous current algebras are derived from twist of an underlying graded symplectic
structure. We work with two mapping spaces Map(T [1]Σn,M) and Map(T [1]Σn, T ∗[n+1]M),
where Σn is a compact oriented manifold of dimension n and M is a graded symplectic
manifold of degree n. M corresponds to an extended target space of the AKSZ formalism
including physical fields, ghosts and antifields. (T ∗[n + 1]M,M) are a graded manifold
and its cotangent bundle pair with some consistent structure. In this setting, currents on
Map(T [1]Σn,M) with anomalous terms are derived from a Poisson algebra of functions on the
extended mapping space Map(T [1]Σn, T
∗[n+1]M). We introduce a canonical transformation
called twisted pullback, and a projected derived bracket. The formalism in this paper may
be called as ”the AKSZ formalism of current algebra theories”.
A large class of known current algebras are formulated as our supergeometric current
algebra theory. They contain not only the current algebras of Lie algebras and Kac-Moody
algebras, but also current algebras in AKSZ sigma models. Moreover we find new current
algebras with structure of higher algebroids including all the generalized current algebras
analyzed in the recent papers [3, 9, 16, 23].
The paper is organized as follows. In section 2, a QP-manifold, twisting are prepared as
preliminary. In section 3, we analyze properties of the derived brackets between functions
and target space structures. In section 4, we propose a supergeometric formalism of current
algebras and discuss its relation with classical current algebras. We also give many examples
which illuminate our theory. In section 5, current algebras in the AKSZ sigma models are
reconstructed as special cases of our theory. Section 6 is devoted to future outlook. In the
appendix, we consider an example in a target space.
3
2 Preliminary: QP-manifolds and twisting
We explain fundamental concepts of our articles, a QP-manifold, twist and a Lagrangian
sub(graded)manifold. For details on the background and definitions, we refer to [38, 42, 34,
11, 24].
A graded manifold M on a smooth manifold M is defined as a ringed space with a
structure sheaf of a nonnegatively graded commutative algebra over an ordinary smooth
manifold M . Grading is called degree. Grading is compatible with supermanifold grading,
that is, a variable of even degree is commutative and one of odd degree is anticommutative.
M is locally isomorphic to C∞(U) ⊗ S ·(V ), where U is a local chart on M , V is a graded
vector space and S ·(V ) is a free graded commutative ring on V . A space of functions on M
is denoted by C∞(M). A vector field on a graded manifold is a derivation on C∞(M) and a
differential form on a graded manifold is an element on the dual space of the space of vector
fields.
The grading is assumed to be nonnegative. Then a graded manifold is called an N-
manifold. An N-manifold M equipped with a graded symplectic structure ω of degree n,
denoted by (M, ω), is called a P-manifold of degree n. ω is also called a P-structure. The
graded Poisson bracket on C∞(M) is defined from the graded symplectic structure ω onM as
{f, g} = (−1)|f |+n+1ιXf ιXgω, where a Hamiltonian vector field Xf is defined by the equation
ιXfω = −δf , for f ∈ C
∞(M). Here δ is a differential on a graded manifold M. The graded
Poisson bracket of degree m satisfies the following identities:
{f, g} = −(−1)(|f |+m)(|g|+m){g, f}, (2.3)
{f, gh} = {f, g}h+ (−1)(|f |+m)|g|g{f, h}, (2.4)
{fg, h} = f{g, h}+ (−1)|g|(|h|+m){f, h}g, (2.5)
{f, {g, h}} = {{f, g}, h}+ (−1)(|f |+m)(|g|+m){g, {f, h}}. (2.6)
Let (M, ω) be a P-manifold of degree n and Q be a vector field of degree +1 satisfying
Q2 = 0 on M. Such a vector field Q is called a Q-structure.
Definition 2.1 A triple (M, ω, Q) is called a QP-manifold of degree n and its structure is
called a QP structure, if ω and Q are compatible, that is, LQω = 0 [36].
c
cA QP-manifold is also called a symplectic NQ-manifold.
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Q is also called a homological vector field. We take a Hamiltonian Θ ∈ C∞(M) of Q with
respect to the graded Poisson bracket {−,−} satisfying
Q = {Θ,−}. (2.7)
Θ has degree n + 1. The differential condition, Q2 = 0, implies that Θ is a solution of the
classical master equation,
{Θ,Θ} = 0. (2.8)
Θ satisfying (2.8) is also called a homological function or a Hamiltonian function.
Definition 2.2 Let (M, ω,Θ) be a QP-manifold of degree n. For any function α ∈ C∞(M)
of degree n, eδαΘ = Θ+ {Θ, α}+ 1
2
{{Θ, α}, α}+ 1
3!
{{{Θ, α}, α}, α}+ · · · is called a twisting
or twist by α.
A twist by α satisfies {eδαΘ, eδαΘ} = eδα{Θ,Θ}, therefore it is a canonical transformation.
We obtain the following proposition.
Proposition 2.3 (M, ω, eδαΘ) is a QP-manifold if (M, ω,Θ) is a QP-manifold.
3 Derived bracket, current function and projection
3.1 Derived bracket
For the application to a current algebra theory, we consider a graded manifold M and its
cotangent bundle T ∗[n+ 1]M. We denote a natural projection by pr : T ∗[n+ 1]M→M.
Suppose the graded cotangent bundle (T ∗[n+1]M, ωb, Q) is a QP-manifold with a canon-
ical symplectic form ωb = ωcan of degree n+ 1 and a homological vector field Q. In this case,
M is trivially a Lagrangian submanifold of T ∗[n + 1]M. We take a homological function Θ
such that Q(−) = {Θ,−}b.
In order to construct a current algebra, we take the mapping space Map(T [1]Σn,M) as a
phase space of supergeometric current algebras. In this section, before considering a current
algebra, we consider properties of functions on the target cotangent bundle T ∗[n + 1]M.
The theory in this section is also considered as the current algebra theory in zero dimension
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(in mechanics). In the next section, these functions on the target space are mapped to the
mapping space.
We consider a new bilinear bracket called a derived bracket as
[f, g]D := −{{f,Θ}b, g}b. (3.9)
for functions on the graded cotangent bundle f, g ∈ C∞(T ∗[n + 1]M). The derived bracket
does not necessarily satisfy the identities (2.3)–(2.6). Since {Θ,Θ}b = 0, the derived bracket
satisfies the identity (2.6) d. However in general, other identities do not hold, especially, it is
not graded skewsymmetric. [28]
3.2 Current function
For current algebras, we choose a subspace of the space of functions on T ∗[n + 1]M called
current functions.
Definition 3.1 A function J of degree equal or less than n on T ∗[n+1]M is called a current
function, and a space of current functions is denoted by Cn(T
∗[n+ 1]M) = {f ∈ C∞(T ∗[n+
1]M)||f | ≤ n}.
Simple degree counting shows that Cn(T
∗[n+ 1]M) is closed not only under the big Poisson
bracket {−,−}b, but also under a derived bracket {{−,Θ}b,−}b.
A subspace of Cn(T
∗[n + 1]M) of functions f and g such that {f, g}b = 0 is denoted by
Commn(T
∗[n + 1]M). The derived bracket is a graded Poisson bracket on Commn(T ∗[n +
1]M). A simple example of an element of Commn(T
∗[n + 1]M) is a pullback of a function
on a Lagrangian submanifold.
3.3 Projection and current homological function
For our current algebra theory, we introduce a projection to M of current functions J1, J2 ∈
Cn(T
∗[n+ 1]M) in the derived bracket, called a projected derived bracket as
{J1, J2}s := pr∗{{J1,Θ}b, J2}b, (3.10)
dIt is called the Leibniz identity.
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A projected derived bracket is also called a small bracket. Since the big Poisson bracket
{−,−}b is of degree −n− 1, a small bracket {−,−}s is of degree −n.
If Θ is a homological function,i.e. {Θ,Θ}b = 0, a derived bracket [−,−]D = {{−,Θ}b,−}b
satisfies the graded Leibniz identity,
[f, [g, h]D]D = [[f, g]D, h]D + (−1)
(|f |−n)(|g|−n)[g, [f, h]D]D.
Thus a projected derived bracket also satisfies a graded Leibniz identity.
Now we take a special homological function Θ called a current homological function.
Definition 3.2 A homological function Θ is called a current homological function if pr∗{Θ, J}b =
0 for all current functions J ∈ Cn(T ∗[n + 1]M).
The derived bracket satisfies,
{{f,Θ}b, g}b = −(−1)
(|f |−n)(|g|−n){{g,Θ}b, f}b
−(−1)(|f |−n−1)(|g|−n−1){Θ, {f, g}b}b, (3.11)
for any function f, g ∈ Cn(T
∗[n + 1]M). If Θ is a current homological function, a projection
of the Last term vanishes. Then the projected derived bracket is skew symmetric,
{f, g}s = −(−1)
(|f |−n)(|g|−n){g, f}s. (3.12)
The derive bracket does not satisfies the Leibniz rules (2.4) and (2.5). In fact,
{{fg,Θ}b, h}b = f{{g,Θ}b, h}b + (−1)
|g|(|h|+1−n){{f,Θ}b, h}bg
+(−1)|g|{f,Θ}b{g, h}b + (−1)
(|g|+1)(|h|−n){f, h}b{g,Θ}b
= f{{g,Θ}b, h}b − (−1)
(|g|−n)(|h|−n)(−1)|f |{{h,Θ}b, f}bg
−(−1)(|g|−n−1)(|h|−n−1){Θ, {f, h}b}bg + (−1)
|g|{f,Θ}b{g, h}b
+(−1)(|g|+1)(|h|−n){f, h}b{g,Θ}b, (3.13)
where f, g, h ∈ Cn(T ∗[n+ 1]M). If Θ is a current homological function, {−,−}s satisfies the
following Leibniz rule,
{fg, h}s = f{g, h}s + (−1)
|g|(|h|+1−n){f, h}sg (3.14)
From the discussion above, the following theorem is obtained.
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Theorem 3.3 Let a homological function Θ is a current homological function. Then, a
projected derived bracket {−,−}s is a graded Poisson bracket of degree −n.
If the bracket {−,−}s is nondegenerate, the graded symplectic structure ωs on M is defined
from the small bracket {−,−}s.
In our current algebra theory, we start at a cotangent bundle QP-manifold (M, T ∗[n +
1]M, ωb,Θ) with a current homological function. A projected derived bracket for current
functions f, g ∈ Cn(T ∗[n + 1]M), {f, g}s = pr∗{{f,Θ}b, g}b gives a Poisson bracket of the
current algebra. In current algebra theory, this small bracket is nondegenerate.
We have a simple example.
Example 3.1 We denote
Bn(T
∗[n + 1]M, 0) := {f ∈ Cn(T
∗[n+ 1]M)|f = pr∗f˜ for f˜ ∈ Cn(M)}.
This space (Bn(T
∗[n+ 1]M, 0), {{−,Θ}b,−}b) is obviously a Poisson algebra. Actually, it is
isomorphic to the Poisson algebra of the space of functions of degree equal to or less than n
on M, (Cn(M), {−,−}s), where {−,−}s = pr∗{{pr
∗−,Θ}b, pr∗−}b.
We choose a function α ∈ C∞(M) of degree n+ 1. Then, we can construct the following
subspaces by twisting,
Bn(T
∗[n+ 1]M, α) = {eδαf |f ∈ Bn(T
∗[n+ 1]M, 0)}.
Since {eδαf, eδαg}b = eδα{f, g}b = 0, a projected derived bracket {−,−}s is again a Poisson
bracket, and (Bn(T
∗[n + 1]M, α) is a Poisson algebra. We will see that this is the current
space of AKSZ sigma models in later sections.
Note that the Poisson algebra with the derived bracket {eδαf, eδαg}
Θ
s = pr∗{{e
δαf,Θ}b, eδαg}b
is equivalent to {f, g}e
−δαΘ
s = pr∗{{f, e
−δαΘ}b, g}b, since {{eδαf,Θ}b, eδαg}b = eδα{{f, e−δαΘ}b, g}b.
4 Supergeometric formalism of current algebras
This current algebra theory can be regraded as BRST-BV-AKSZ formalism of the normal
current algebra theory, which includes physical and ghost degrees of freedom. The idea is
that a current algebra theory with anomalous terms is a Poisson algebra of functions on a
QP-manifold Map(T [1]Σn, T
∗[n+ 1]M).
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4.1 AKSZ-BFV construction on graded cotangent bundle and pro-
jected derived bracket
In this section, we construct structures on the mapping space projected to a base graded
manifold, induced from a QP-structure on a graded cotangent bundle in the previous section.
Let Xn+1 = R×Σn be an n+1 dimensional spacetime manifold, where Σn is an (compact,
orientable) n-dimensional manifold. R is a time direction and Σn is an n-dimensional space
direction. X = T [1]Σn is a super tangent bundle, whose fiber is shifted by one. Suppose a
super differential D induced from a normal differential d and a compatible Berezin measure
µ = µT [1]Σn.
LetM be a graded manifold. For a target graded manifoldM, we assume that a cotangent
bundle T ∗[n+ 1]M is a QP-manifold of degree n+ 1, (M, T ∗[n+ 1]M, ωb,Θ, α) with a fixed
degree n + 1 function α, where Θ is a current homological function. Then a small Poisson
bracket is defined by {−,−}s = pr∗{{−,Θ}b,−}b. We assume that {−,−}s is nondegenerate.
We define a current algebra on the super phase space Map(T [1]Σn,M).
At first, a QP-structure on a graded cotangent bundle T ∗[n + 1]M is mapped to the
mapping spaces Map(T [1]Σn, T
∗[n+1]M) by the AKSZ construction [4, 10, 34]. For this, we
define a transgression map as follows.
An evaluation map ev : T [1]Σn ×Map(T [1]Σn, T ∗[n + 1]M)→ T ∗[n + 1]M is defined by
ev : (z, f) 7−→ f(z), for any z ∈ T [1]Σn and f ∈ Map(T [1]Σn, T ∗[n + 1]M). A chain map
on the space of graded differential forms, µ∗ : Ω
•(T [1]Σn × Map(T [1]Σn, T ∗[n + 1]M)) →
Ω•(Map(T [1]Σn, T
∗[n+1]M)) is the fiber integration with respect to a Berezin measure µ on
T [1]Σn, which is defined as
µ∗ω(f)(v1, . . . , vk) =
∫
T [1]Σn
µ(z)ω(z, f)(v1, . . . , vk),
where ω is a graded differential form, vi is a vector fields on T [1]Σn and
∫
T [1]Σn
µ is a Berezin
integration on T [1]Σn. The composition µ∗ev
∗ : Ω•(M) −→ Ω•(Map(X ,M)) is called a
transgression map. If we define
ωb = µ∗ev
∗ωb, Sb = µ∗ev
∗Θ, (4.15)
(ωb, Sb) gives a QP-structure of degree 1 on Map(T [1]Σn, T
∗[n + 1]M) [4, 10, 34].
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We consider a projected derived bracket on the mapping space, {−,−}s = pr∗{{−, Sb}b,−}b,,
which defines the small bracket on Map(T [1]Σn,M), where pr : Map(T [1]Σn, T
∗[n+1]M)→
Map(T [1]Σn,M) is a natural projection induced from pr : T ∗[n+ 1]M→M.
Applying Theorem 3.3 to the mapping space, We can prove that the small bracket {−,−}s
is a graded Poisson bracket. Note that {−,−}s on Map(T [1]Σn,M) is a normal Poisson
bracket {−,−}PB because of degree 0. Since we assumed that the small bracket {−,−}s on
M is nondegenerate, {−,−}s on the mapping space is nondegenerate andM has a symplectic
form ωs induced from {−,−}s.
4.2 Twisted pullback of current function and supergeometric cur-
rent algebra
In this section, we construct a supergeometric current algebra from a QP-structure on a
mapping space.
For a current function J ∈ Cn(T ∗[n+1]M), a functional on the mapping space Map(T [1]Σn, T ∗[n+
1]M) is induced from J by the transgression map, Precisely, this map is defined by
J (ǫ) = µ∗ǫ ev
∗J,
where ǫ is a test function on T [1]Σn of degree n − |J |. Note that |J (ǫ)| = 0. Since J is an
element of the subspace Cn(T
∗[n+ 1]M) of C∞(T ∗[n+ 1]M), functionals J (ǫ) are elements
of the subspace Map(T [1]Σn, T
∗[n + 1]M). Functionals J (ǫ) consist of a Poisson algebra by
a small Poisson bracket {−,−}s.
However, the Poisson algebra of J (ǫ) does not give physical current algebras yet. We twist
these pullbacks of current functions on Map(T [1]Σn, T
∗[n + 1]M) by a particular twisting
function. This twist of J (ǫ) gives current algebras.
For a differential D on X = T [1]Σn, we denote by Dˆ the vector field on Map(X ,M) of
degree 1 induced by D. If we denote local coordinates on T [1]Σn as (σ
µ, θµ), it is locally a su-
perderivative d = θµ ∂
∂σµ
. Now we define an universal twisting function by Ss = ιDˆµ∗ev
∗pr∗ϑs,
where ϑs is the canonical 1-form for a small symplectic form ωs on M such that ωs = −δϑs.
Note that Ss is the same as the kinetic term of the Q-structure function in the AKSZ sigma
model on Map(T [1]Σn,M) and satisfies {Ss, Ss}b = {Ss, Ss}s = 0.
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For any function J on T ∗[n+ 1]M, a twisted pullback of J to Map(T [1]Σn, T ∗[n+ 1]M)
is defined by twisting of current functions J (ǫ),
eδSsJ (ǫ) = eδSsµ∗ǫ ev
∗J. (4.16)
where eδSsf = f + {f, Ss}b +
1
2
{{f, Ss}b, Ss}b +
1
3!
{{{f, Ss}b, Ss}b, Ss}b + · · · .
A supergeometric current is defined as the projection of the twisted pullbacks of current
functions to Map(T [1]Σn,M).
Definition 4.1 A current J(ǫ) on Map(T [1]Σn,M) respect to a current function J on T ∗[n+
1]M is defined by
J(ǫ) = JJ(ǫ) := pr∗e
δSsJ (ǫ) = pr∗e
δSsµ∗ǫ ev
∗J. (4.17)
Here pr : Map(T [1]Σn, T
∗[n + 1]M)→ Map(T [1]Σn,M).
We calculate the Poisson bracket of currents J1(ǫ1) and J2(ǫ2) associated to two functions
J1, J2 ∈ Cn(T ∗[n+ 1]M). Here, assume that a homological function is a current homological
function, pr∗{Θ, J}b = 0 for J ∈ Cn(T
∗[n + 1]M).
Take a Darboux coordinate on T ∗[n+ 1]M, (pI(i), q
I(n+1−i)) of degree (i, n+ 1− i), where
pI(i) is a coordinate on M and q
I(n+1−i) is a fiber coordinate for i = 0, · · · , ⌊n+1
2
⌋. The
canonical graded symplectic structure is ωb =
∑n
i=0(−1)
i(n−i)δpI(i) ∧ δq
I(n+1−i). A Poisson
bracket {−,−}b is {pI(i), q
J(j)}b = δI(i)
J(n+1−j)δi
j . As corresponding local coordinates on the
mapping space, we take superfields (pI(i) , q
I(n+1−i)), which are sections of T [1]Σn⊗x∗(T ∗[n+
1]M(i)) and T [1]Σn ⊗ x∗(T ∗[n + 1]M(n+1−i)), where T ∗[n + 1]M(i) is a degree i part of
T ∗[n+1]M and A degree 0 coordinate xI = pI(0) : T [1]Σn →M is a map to the base manifold.
The graded symplectic structure on the mapping space is ωb =
∫
T [1]Σ
∑n
i=0(−1)
i(n−i)δpI(i) ∧
δqI
(n+1−i)
. A projection map is pr : (pI(i) , q
I(n+1−i)) 7→ pI(i) .
First we consider a small bracket of untwisted functions JJ1(ǫ1) and JJ2(ǫ2). Since a
transgression map µ∗ev
∗ is a homomorphism from T ∗[n]M to Map(T [1]Σn, T ∗[n + 1]M)
preserving a Poisson bracket, we obtain
{JJ1(ǫ1),JJ2(ǫ2)}PB = {µ∗ǫ1ev
∗J1, µ∗ǫ2ev
∗J2}s
= µ∗ǫ1ǫ2ev
∗{J1, J2}s
= pr∗µ∗ǫ1ǫ2ev
∗{{J1,Θ}b, J2}b, (4.18)
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which derives the untwisted first term in Equation (4.22).
Next we consider twisting by Ss.
Ss = ιDˆµ∗ev
∗ϑs is a Hamiltonian for the vector field Dˆ with respect to ωs, i.e., XSs = Dˆ.
Therefore, we have
{Ss, µ∗ev
∗f}s = (−1)
|Ss|ιDˆιXµ∗ev∗fω
= −ιDˆµ∗ev
∗df
(
=
∫
dn+1σdn+1θdf(σ, θ)
)
, (4.19)
for f ∈ C∞(M).
Using (4.19), we can calculate the following formula for the small bracket and the big
Poisson bracket:
{eδSsqJ
(n+1−j)
(σ, θ),pI(i)(σ
′, θ′)}PB
= {eδSsqJ
(n+1−j)
(σ, θ),pI(i)(σ
′, θ′)}s
= {qJ
(n+1−j)
(σ, θ),pI(i)(σ
′, θ′)}s + δI(i)
J(n+1−j)δi
jd(δ(σ − σ′)δ(θ − θ′))
= {{qJ
(n+1−j)
(σ, θ), Sb}b,pI(i)(σ
′, θ′)}b + {q
J(n+1−j) , pI(i)}bd(δ(σ − σ
′)δ(θ − θ′)),(4.20)
where (σ, θ) is a local coordinate on T [1]Σn. We can apply the same equation to general
functions. Twisting by Ss, we obtain a general formula,
{JJ1(ǫ1),JJ2(ǫ2)}PB = pr∗
(
eδSsµ∗ǫ1ǫ2ev
∗{{J1,Θ}b, J2}b
−eδSs ιDˆµ∗(dǫ1)ǫ2ev
∗{J1, J2}b
)
(4.21)
= −J[J1,J2]D(ǫ1ǫ2)− pr∗e
δSs ιDˆµ∗(dǫ1)ǫ2ev
∗{J1, J2}b.
The second term is in Equation (4.22) comes from terms proportional to a derivative of the
delta function. Here we use {Ss, Ss}b = 0 and {Ss, Ss}s = 0, and we write the formula
introducing test functions and integrating by parts.
Because of twisting by Ss, closedness of currents J under the Poisson bracket,i.e. the
projected derived bracket {−,−}s = pr∗{{−,Θ}b,−}b is broken in general. Breaking terms
are anomalous terms. As a result, the Poisson bracket of J1 and J2 is given by the Poisson
bracket {−,−}b and its derived bracket {−,−}s = {{−,Θ}b,−}b on the QP-manifold T ∗[n+
1]M as in Equation (4.22).
We summarize our result.
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Theorem 4.2 For currents JJ1 and JJ2 associated to current functions J1, J2 respectively,
the Poisson bracket is given by
{JJ1(ǫ1),JJ2(ǫ2)}PB = pr∗
(
eδSsµ∗ǫ1ǫ2ev
∗{{J1,Θ}b, J2}b
−eδSs ιDˆµ∗(dǫ1)ǫ2ev
∗{J1, J2}b
)
(4.22)
= −J[J1,J2]D(ǫ1ǫ2)− pr∗e
δSs ιDˆµ∗(dǫ1)ǫ2ev
∗{J1, J2}b, (4.23)
where ǫi are test functions for Ji of degree n− |Ji| on Map(T [1]Σn, T ∗[n + 1]M).
the set of J ’s fails to be a Poisson algebra. The anomalous terms vanish if J1 and J2
commute, {J1, J2}b = 0. Thus, we have
Corollary 4.3 Let A = Commn(T
∗[n+1]M) be a commutative subspace of Cn(T ∗[n+1]M)
under the Poisson bracket {−,−}b on T
∗[n+1]M. Then, a Poisson algebra (A, {{−,Θ}b,−}b)
gives a current algebra without anomalous terms.
We can see how this theory works from the viewpoint of Lagrangian submanifolds. We do
not use the restriction of the simple pullback of current functions on T ∗[n+ 1]M in the defi-
nition of currents on Map(T [1]Σn,M). The pullback functions on Map(T [1]Σn, T ∗[n+ 1]M)
are twisted by Ss before the restriction to Map(T [1]Σn,M). This derives nontrivial anoma-
lous terms in the current algebras. We can consider the following equivalent description. If
a Lagrangian submanifold of Map(T [1]Σn, T
∗[n+ 1]M) is twisted by Ss, Map(T [1]Σn,M) is
transformed to a different Lagrangian submanifold Map(T [1]Σn,M˜). This new Lagrangian
submanifold is also equipped with a P-structure given by the derived bracket, and is isomor-
phic to Map(T [1]Σn,M) as a P-manifold. Currents are restricted functions to this twisted
Lagrangian submanifold. It defines the equivalent theory in the theorem. A Lagrangian
submanifold in supergeometry is reinterpreted as a generalized Dirac structure in normal
geometry. Relations of the Dirac structure and current algebras were discussed in [3].
4.3 Physical current algebra from supergeometric current algebra
Physical current algebras are obtained from the formulation in the previous section. For it,
we introduce the second degree, the form degree deg f for a function f on T [1]Σn. It is, by
definition, zero on Σn and one on the T [1] direction. If we take a local coordinate (σ
µ, θµ) on
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T [1]Σn, the form degree of (σ
µ, θµ) is (0, 1). For a general function f on Map(T [1]Σn, T
∗[n+
1]M e with definite degree, degree minus form degree, gh f = |f | − deg f , is called a ghost
number.
We expand a local coordinate superfield of degree i by θ as
Φ(i)(σ, θ) =
∑
k,µ(k)
Φ
(k)
(i) (σ, θ) =
∑
k,µ(k)
1
k!
θµ1 · · · θµkΦ(k)(i)µ1···µk(σ),
the coefficient of the ghost number zero parts of Φ(i), Φ
(i)
(i)µ1···µk
(σ) = Φ(i)µ1···µk(σ)|ghΦ=0, is
a classical field. We denote the restriction of a superfield function f to the corresponding
classical field part by fcl,i.e.
Φ(i)(σ, θ)cl =
1
i!
θµ1 · · · θµiΦ(i)(i)µ1 ···µi(σ),
Recall Darboux coordinate superfields (p(i)(σ, θ), q(n+1−i)(σ, θ)) on Map(T [1]Σn, T
∗[n +
1]M), where p(i) is on Map(T [1]Σn,M) of degree i and q(n+1−i) is on Map(T [1]Σn, T
∗[n+1])
of degree n + 1 − i, i = 0, 1, · · · , n. From the derived bracket constructed from ωb and Sb, a
graded Poisson bracket is obtained by the projection pr. We assume that the small bracket
is nondegenerate. Then we obtain a graded symplectic structure ωs. By restricting ωs to the
classical part of superfields p
(i)
(i), the classical symplectic structure is obtained. We denote ωs
by
ωscl =
∫
T [1]Σn
µ
n∑
i,j=0
ω−1s IiJj (pcl)δp
(i)Ii
(i) ∧ δp
(j)Jj
(j) . (4.24)
the usual Poisson bracket {−,−}PB is defined from ωscl.
For the pullback of a current function of degree i, J(i)(p(i), q(n+1−i)) = µ∗ǫ evJ(i), the
twisted pullback replaces q by dp as J(i)(p(i), (−1)
i(n−i)ω−1s In−iJj(p)dp
Jj
(j)). We take the test
function as
ǫ(n−i)(σ, θ) =
1
(n− i)!
θµ1 · · · θµn−iǫcl(n−i)µ1···µn−i(σ). (4.25)
since the test function ǫ(σ, θ) is of degree n− i. The integrand in a supergeometric current is
eA basis of C∞(Map(T [1]Σn, T
∗[n+ 1]M) is called a superfield.
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expanded by θ as
∑n
k=0
1
k!
θµ1 · · · θµkJ (k)(i),µ1···µk(p,dp)(σ). Therefore we obtain
J(i)(p(i), (−1)
i(n−i)ω−1s In−iJj (p)dp
Jj
(j)) =
∫
T [1]Σn
µ ǫ(n−i)(σ, θ)
n∑
k=0
1
k!
θµ1 · · · θµkJ (k)(i),µ1···µk(p,dp)(σ)
=
∫
Σn
ǫcl
(n−i)
(n−i)(σ) ∧ J
(i)
(i) (σ),
where
ǫcl
(n−i)
(n−i)(σ) =
1
(n− i)!
dσµ1 ∧ · · · ∧ dσµn−iǫcl(n−i)µ1···µn−i(σ),
J
(i)
(i) (σ) =
1
i!
dσµ1 ∧ · · · ∧ dσµiJ (i)(i),µ1···µi(p,dp)(σ).
Here we denote θµ by dσµ.
J(i) has degree 0 and ghost number 0. However note that J(i) is not a classical current
yet. J(i) contains the ghost fields. Its restriction to ghost number zero components of su-
perfields Jcl
(i)
(i),µ1···µk
(σ) = J
(i)
(i),µ1···µk
(pcl)(σ) is a classical physical current. We claim that the
{Jcl
(k)
(i),µ1···µk
(σ)} part of a supergeometric current is a classical physical current and the classi-
cal current algebra is obtained by the reduction of the formula (4.22) on them. The restriction
of J to ghost number zero components of superfields is J cl =
∫
Σn
ǫcl
(n−i)
(n−i)(σ) ∧ Jcl
(i)
(i)(σ).
Theorem 4.4 The classical current algebra is the Poisson algebra of the ghost number zero
components of superfields of the supergeometric current algebra:
{JJ1cl(ǫ1),JJ2cl(ǫ2)}P.B =
(
−J[J1,J2]D(ǫ1ǫ2)
−pr∗e
δSs ιDˆµ∗(dǫ1)ǫ2ev
∗{J1, J2}b
)
cl, (4.26)
where cl on the right hand is that components of classical parts of superfields set to zero after
the computations.
In the next subsection, we use this method to derive concrete current algebras.
4.4 Examples
We consider examples on the mapping spaces.
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Example 4.1 (Current Algebras of Alekseev-Strobl) [3] Let us consider the loop phase
space, Map(S1, T ∗M). We extend this phase space to the super loop space, Map(T [1]S1, T ∗[1]M).
Our current algebra is defined on this super phase space.
Start at the target supermanifold T ∗[1]M . For a base supermanifold M = T ∗[1]M , we
consider a cotangent bundle T ∗[2]M = T ∗[2]T ∗[1]M . Following Example A.1, we consider
QP-structure on T ∗[2]T ∗[1]M with the canonical symplectic structure ωb. Here we consider the
homological function Θ = ξIq
I + 1
3!
HIJK(x)q
IqJqK . Note that this Θ is a current homological
function and (T ∗[2]T ∗[1]M,ωb,Θ) is a QP-manifold.
The AKSZ construction by using the transgression map µ∗ev
∗, a QP-structure on the
mapping space Map(T [1]S1, T ∗[2]T ∗[1]M) is induced. In the local coordinate superfields, the
symplectic structure on Map(T [1]S1, T ∗[2]T ∗[1]M) is ωb =
∫
T [1]S1
µ
(
δxI ∧ δξI + δpI ∧ δq
I
)
,
and Sb =
∫
T [1]S1
µ
(
ξIq
I + 1
3!
HIJK(x)q
IqJqK
)
, where the boldface is the superfields corre-
sponding to local coordinates on T ∗[2]T ∗[1]M . x : T [1]S1 →M , p ∈ Γ(T [1]S1⊗x∗(T ∗[1]M)),
q ∈ Γ(T [1]S1 ⊗ x∗(T ∗[2]T ∗[1]M)) and ξ ∈ Γ(T [1]S1 ⊗ x∗(T ∗[2]M)).
The projected derived bracket {−,−}s gives a BFV Poisson bracket of degree zero on super
phase space Map(T [1]S1, T ∗[1]M). We calculate the Poisson bracket defines the following
symplectic form,
ωs =
∫
T [1]S1
µ δxI ∧ δpI . (4.27)
Thus the canonical 1-from Ss is
Ss = ιDˆµ∗ev
∗ϑs =
∫
T [1]S1
µ pIdx
I . (4.28)
Next, we consider the space of currents, i.e., the restriction of the twisted pullback
CA1(T
∗[2]T ∗[1]M)) = {J ∈ C∞(Map(T [1]S1, T ∗[1]M))}, where J = pr∗e
δSsJ = pr∗e
δSsµ∗ǫ ev
∗J .
Current functions on C1(T
∗[2]M) are one of degree 0 and one of degree 1 since n = 1. We
can write them as
J(0)(f) = f(x),
J(1)(u,a) = aI(x)q
I + uI(x)pI . (4.29)
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Corresponding currents are
J(0)(f) =
∫
T [1]S1
µǫ(1)f(x),
J(1)(u,a) =
∫
T [1]S1
µǫ(0)(aI(x)dx
I + uI(x)pI), (4.30)
where ǫ(i) is a test function of degree i. Poisson brackets of these currents are computed by
the formula 4.23 as follows:
{J(0)(f)(ǫ),J
′
(0)(g)(ǫ
′)}PB = pr∗
(
−eδSsµ∗ǫǫ
′ev∗{{J(0)(f),Θ}b, J
′
(0)(g)}b
−eδSs ιDˆµ∗(dǫ)ǫ
′ev∗{J(0)(f), J(0)(g)}b
)
= 0,
{J(1)(u,a)(ǫ),J
′
(0)(g)(ǫ
′)}PB = pr∗
(
−eδSsµ∗ǫǫ
′ev∗{{J(1)(u,a),Θ}b, J
′
(0)(g)}b
−eδSs ιDˆµ∗(dǫ)ǫ
′ev∗{J(1)(u,a), J(0)(g)}b
)
= −uI
∂J ′(0)(g)
∂xI
(ǫǫ′),
{J(1)(u,a)(ǫ),J(1)(v,b)(ǫ
′)}PB = pr∗
(
−eδSsµ∗ǫǫ
′ev∗{{J(1)(u,a),Θ}b, J
′
(1)(v,b)}b
−eδSs ιDˆµ∗(dǫ)ǫ
′ev∗{J(1)(u,a), J(1)(v,b)}b
)
= −J(1)([(u,a),(v,b)]D)(ǫǫ
′)
−
∫
T [1]S1
µ(dǫ(0)ǫ
′
(0)〈(aI(x), u
I(x)) , (bI(x), v
I(x))〉,(4.31)
where J ′(0)(g) =
∫
T [1]S1
µǫ(1)g(x) and J
′
(1)(v,b) =
∫
T [1]S1
µǫ(0)(bI(x)dx
I+vI(x)pI). [(u, a), (v, b)]D
is the Dorfman bracket on TM⊕T ∗M explained in Example A.1. The classical current algebra
is the ghost number zero components of superfields in the equations (4.31):
{J(0)(f)cl(ǫ),J
′
(0)(g)cl(ǫ
′)}PB = 0,
{J(1)(u,a)cl(ǫ),J
′
(0)(g)cl(ǫ
′)}PB = −u
I(σ)
∂J ′(0)(g)cl
∂xI
(ǫǫ′),
{J(1)(u,a)cl(ǫ),J(1)(v,b)cl(ǫ
′)}PB = −J(1)([(u,a),(v,b)]D)cl(ǫǫ
′) (4.32)
−
∫
S1
dσ(∂σǫ(0)ǫ
′
(0)〈(aI(x(σ)), u
I(x(σ))) , (bI(x(σ)), v
I(x(σ)))〉,
where J(0)(f)cl =
∫
S1
dσǫcl(1)(σ)f(x(σ)), ǫ(1)(σ, θ) = θǫcl(1)(σ), and
J(1)(u,a)cl =
∫
S1
dσǫ(0)(σ)(aI(x(σ))∂σx
I(σ) + uI(x(σ))pI(σ)). This coincides with the general-
ized current algebra described in [3]. Our method derives the correct physical current algebra.
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Example 4.2 (Kac-Moody Algebra) As a special case of the previous example, take M
to be a Lie group G. Then the extended phase space is Map(T [1]S1, T ∗[1]G). We choose a
big QP-manifold (T ∗[2]T ∗[1]G, ωb,Θ) and the P-structure and the Q-structure are the same
forms as Example 4.1. Here HIJK is a structure constant of the corresponding Lie algebra.
Then the twisted pullback defines the supergeometric formalism of the Kac-Moody current
algebra. The classical part Jcl coincides with currents of the Hamiltonian formalism of the
WZW model [17].
Example 4.3 (Current Algebras in Three Dimensions) [23] Take a two-dimensional man-
ifold Σ2 and let us consider the classical phase space Map(Σ2, T
∗M)⊕Map(TΣ2, T ∗E). This
is a phase space for physical models in 3 dimensions, where E is a vector bundle over a man-
ifold M . Let us consider a super phase space Map(T [1]Σ2, T
∗[2]E[1]) as an extension of the
above phase space,
We introduce a target cotangent bundle T ∗[3]M = T ∗[3]T ∗[2]E[1], as an auxiliary phase
space. T ∗[3]M has a canonical graded symplectic form ωb of degree 3. Take local coordinates
(xI , qA, pI) of degree (0, 1, 2) on T
∗[2]E[1], and conjugate Darboux coordinates (ξI , η
A, χI)
of degree (3, 2, 1) on T ∗[3]. A graded symplectic structure on T ∗[3]M is ωb = δxI ∧ δξI −
kABδq
A ∧ δηB + δpI ∧ δχ
I , where kAB is a fiber metric on E.
We consider a Q-structure function,
Θ = χIξI +
1
2
kABη
AηB +
1
4!
HIJKL(x)χ
IχJχKχL. (4.33)
Θ is a current homological function if H is a closed 4-form.
A graded symplectic form ωb of degree 1 is induced as
ωb = µ∗ev
∗ωb =
∫
T [1]Σ2
µ (δxI ∧ δξI − kABδq
A ∧ δηB + δpI ∧ δχ
I), (4.34)
where xI is a smooth map from T [1]Σ2 to M . Other boldface superfields are ones for corre-
sponding local coordinates.
The space of current functions are C2(T
∗[3]T ∗[2]E[1]) = {f ∈ C∞(T ∗[3]T ∗[2]E[1])||f | ≤
2}. They consist of functions of C2(T ∗[3]T ∗[2]E[1]) of degree 0, 1 and 2, which are written
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by local coordinates as
J(0)(f) = f(x),
J(1)(a,u) = aI(x)χ
I + uA(x)q
A,
J(2)(G,K,F,B,E) = G
I(x)pI +KA(x)η
A +
1
2
FAB(x)q
AqB +
1
2
BIJ(x)χ
IχJ
+EAI(x)χ
IqA. (4.35)
Here all coefficients are some functions of x.
Next we take the space of the twisted pullback
CA2(T ∗[3]T ∗[2]E[1])) = {J ∈ C∞(Map(T [1]S1, T ∗[2]E[1]))|J ∈ C2(T ∗[3]T ∗[2]E[1])}, where
J = pr∗e
δSsJ = pr∗e
δSsµ∗ǫ ev
∗J , and the canonical 1-form is calculated as
Ss = ιDˆµ∗ev
∗ϑs
=
∫
T [1]Σ2
µ
(
−pIdx
I +
1
2
kABq
AdqB
)
. (4.36)
Currents of degree 0, 1 and 2 are
J(0)(f) =
∫
T [1]Σ2
µǫ(2)f(x),
J(1)(a,u) =
∫
T [1]Σ2
µǫ(1)(aI(x)dx
I + uA(x)q
A),
J(2)(G,K,F,B,E)(σ, θ) =
∫
T [1]Σ2
µǫ(0)(G
I(x)pI +KA(x)dq
A +
1
2
FAB(x)q
AqB
+
1
2
BIJ(x)dx
IdxJ + EAI(x)dx
IqA). (4.37)
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Derived brackets produce the current algebra as follows:
{J(0)(f)(ǫ),J(0)(f ′)(ǫ
′)}
PB
= 0,
{J(1)(u,a)(ǫ),J(0)(f ′)(ǫ
′)}
PB
= 0,
{J(2)(G,K,F,H,E)(ǫ),J(0)(f ′)(ǫ
′)}
PB
= −GI
∂J(0)(f ′)
∂xI
(ǫǫ′),
{J(1)(u,a)(ǫ),J(1)(u′,a′)(ǫ
′)}
PB
= −
∫
T [1]Σ2
µǫ(1)ǫ
′
(1)ev
∗kABuAu
′
B,
{J(2)(G,K,F,B,E)(ǫ),J(1)(u′,a′)(ǫ
′)}
PB
= −J(1)(u¯,α¯)(ǫǫ
′)−
∫
T [1]Σ2
µ(dǫ(0))ǫ
′
(1)(G
Iα′I − k
ABKAu
′
B),
{J(2)(G,K,F,B,E)(ǫ),J(2)(G′,K ′,F ′,B′,E′)(ǫ
′)}
PB
= −J(2)(G¯,K¯,F¯ ,B¯,E¯)(ǫǫ
′)
−
∫
T [1]Σ2
µ(dǫ(0))ǫ
′
(0)
[
(GJB′JI +G
′JBJI + k
AB(KAE
′
BI + EAIK
′
B))dx
I
+(GIE ′AI +G
′IEAI + k
BC(KBF
′
AC + FACK
′
B))q
A
]
. (4.38)
Here
α¯ = (iGd+ diG)α
′ + 〈E − dK, u′〉, u¯ = iGdu
′ + 〈F, u′〉,
G¯ = [G,G′],
K¯ = iGdK
′ − iG′dK + iG′E + 〈F,K
′〉,
F¯ = iGdF
′ − iG′dF + 〈F, F
′〉,
B¯ = (diG + iGd)B
′ − iG′dB + 〈E,E
′〉+ 〈K ′, dE〉 − 〈dK,E ′〉+ iG′iGH,
E¯ = (diG + iGd)E
′ − iG′dE + 〈E, F
′〉 − 〈E ′, F 〉+ 〈dF,K ′〉 − 〈dK, F ′〉, (4.39)
where all the terms are evaluated by σ′. The bracket [−,−] is a Lie bracket on TM , iG is an
interior product with respect to a vector field G and 〈−,−〉 is a bilinear form on the fiber of
E with respect to the metric kAB.
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The classical current algebra is the ghost number zero component of superfields:
{J(0)(f)cl(ǫ),J(0)(f ′)cl(ǫ
′)}
PB
= 0,
{J(1)(u,a)cl(ǫ),J(0)(f ′)cl(ǫ
′)}
PB
= 0,
{J(2)(G,K,F,H,E)cl(ǫ),J(0)(f ′)cl(ǫ
′)}
PB
= −GI
∂J(0)(f ′)cl
∂xI
(ǫǫ′),
{J(1)(u,a)cl(ǫ),J(1)(u′,a′)cl(ǫ
′)}
PB
= −
∫
Σ2
ǫcl
(1)
(1) ∧ ǫcl
(1)′
(1) ev
∗kABuAu
′
Bcl,
{J(2)(G,K,F,B,E)cl(ǫ),J(1)(u′,a′)cl(ǫ
′)}
PB
= −J(1)(u¯,α¯)cl(ǫǫ
′)−
∫
Σ2
dǫcl(0) ∧ ǫcl
(1)′
(1) (G
Iα′I − k
ABKAu
′
B)cl,
{J(2)(G,K,F,B,E)cl(ǫ),J(2)(G′,K ′,F ′,B′,E′)cl(ǫ
′)}
PB
= −J(2)(G¯,K¯,F¯ ,B¯,E¯)cl(ǫǫ
′)
−
∫
Σ2
dǫcl(0)ǫcl
′
(0)
[
(GJB′JI +G
′JBJI + k
AB(KAE
′
BI + EAIK
′
B))cldx
I
+(GIE ′AI +G
′IEAI + k
BC(KBF
′
AC + FACK
′
B))clq
A
]
, (4.40)
where ǫcl
(i)
(i) =
1
i!
dxµ1∧· · ·∧dxµiǫ(i)µ1 ···µi(σ) and q
A = dxµqAµ . This coincides with the generalized
current algebra in three dimensions in [23].
Example 4.4 (Current Algebras of Topological n-Branes) [9] Take a (compact, ori-
entable) manifold Σn of dimension n. We construct a generalized current algebra on the
mapping space Map(Σn, T
∗M), where M is a target manifold.
Choose a super phase space Map(T [1]Σn, T
∗[n]M). Local coordinates on T [1]Σn are (σ, θ)
of degree (0, 1). Let a cotangent bundle T ∗[n + 1]M = T ∗[n + 1]T ∗[n]M be a big graded
symplectic manifold of degree n+1. Take local coordinates (xI , pI) of degree (0, n) on T
∗[n]M ,
and conjugate Darboux coordinates (ξI , χ
I) of degree (n + 1, 1) on T ∗[n + 1]. The canonical
graded symplectic structure on T ∗[n+1]M is ωb = δxI∧δξI+δpI∧δχI . We take a Q-structure
function of degree n+ 2:
Θ = χIξI +
1
(n+ 2)!
HI1I2···In+2(x)χ
I1χI2 · · ·χIn+2, (4.41)
where H is a closed n+ 2-form. This Θ is a current homological function.
Local coordinates on the mapping space are denoted by boldfaces of corresponding local
coordinates on the target space. xI is a smooth map from T [1]Σn toM and pI ∈ Γ(T
∗[1]Σn⊗
x∗(T ∗[n]M)) is a superfield of degree n. A big graded symplectic form ωb of degree 1 is defined
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as
ωb = µ∗ev
∗ωb =
∫
T [1]Σn
µ (δxI ∧ δξI + δpI ∧ δχ
I), (4.42)
where ξI(σ, θ) ∈ Γ(T ∗[1]Σn⊗x∗(T ∗[n+1]M)) and χI(σ, θ) ∈ Γ(T ∗[1]Σ2⊗x∗(T ∗[n+1]T ∗[n]M))
are canonical conjugate superfields. A Q-structure homological function is
Sb = µ∗ev
∗Θ
=
∫
T [1]Σn
µ
(
χIξI +
1
(n+ 2)!
HI1I2···In+2(x)χ
I1χI2 · · ·χIn+2
)
. (4.43)
Next we consider current functions. The space is the set of functions of degree equal
to or less than n, Cn(T
∗[n + 1]T ∗[n]M) = {f ∈ C∞(T ∗[n + 1]T ∗[n]M)||f | ≤ n}. Here we
concentrate on functions of degree n on Cn(T
∗[n+1]T ∗[n]M) because the currents constructed
from functions of degree less than n have trivial Poisson brackets. A function of degree n is
written as
J(n)(G,B) = G
I(x)pI +
1
n!
BI1···In(x)χ
I · · ·χIn, (4.44)
where GI(x) and BI1···In(x) are local functions of x. G
I(x)∂I is a vector field on M and B =
1
n!
BI1···In(x)dx
I1 · · · dxIn is an n-form. Take the space of the pullback CAn(T ∗[n+1]T ∗[n]M)) =
{J ∈ C∞(Map(T [1]Σn, T ∗[n + 1]T ∗[n]M))|J = µ∗ǫ ev∗J, J ∈ Cn(T ∗[n + 1]T ∗[n]M)}. A
twisting function is given by
Ss = ιDˆµ∗ev
∗ϑs =
∫
T [1]Σn
µ (−1)n+1pIdx
I . (4.45)
Then the twisted pullback of a function J(n) is
J(n)(G,B)(σ, θ) =
∫
T [1]Σn
µǫ(0)
(
GI(x)pI +
1
n!
BI1···In(x)dx
I · · ·dxIn
)
, (4.46)
with a test function ǫ(0). Applying the formula 4.23, we obtain the current algebra as follows:
{J(n)(G,B)(ǫ),J(n)(G′,B′)(ǫ
′)}
PB
= −J(n)([J1,J2]D)(ǫǫ
′)
−eδSs
∫
T [1]Σn
µ(dǫ(0))ǫ
′
(0)ev
∗〈J(n)(G,B) , J(n)(G′,B′)〉. (4.47)
Here [J1, J2]D is the higher Dorfman bracket on TM ⊕ ∧nT ∗M defined by
[(u, a), (v, b)]D = [u, v] + Lub− ιvda, (4.48)
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for u, v ∈ Γ(TM) and a, b ∈ Γ(∧nT ∗M), and 〈J1 , J2〉 = ιub+ιva is a pairing: TM⊕∧nT ∗M×
TM ⊕ ∧nT ∗M → ∧n−1T ∗M . The classical part of the equations,
{J(n)(G,B)cl(ǫ),J(n)(G′,B′)cl(ǫ
′)}
PB
= −J(n)([J1,J2]D)cl(ǫǫ
′)
−
1
(n− 1)!
∫
Σn
dǫcl(0)ǫcl
′
(0)〈J(n)(G,B) , J(n)(G′,B′)〉dx
I ∧ · · · ∧ dxIn−1 , (4.49)
coincides with a generalized current algebra of a topological n-brane theory in [9]. Here
J(n)(G,B) is a pullback of an element of TM ⊕ ∧
nT ∗M .
Example 4.5 (Homotopy Algebroid Current Algebras in Higher Dimensions) [23]
For general n, a current algebra on Σn-manifolds [38] (These structures are called Lie n-
algebroid structures.) is obtained by our formula 4.23.
5 Current algebra in AKSZ sigma model
Current Algebras in AKSZ sigma models are formulated by the supergeometric formalism of
current algebras in the previous section.
A current algebra without anomalies is also given by the formula in Theorem 4.2 if we take
the commutative subspace Bn(T
∗[n + 1]M, α) of the space Cn(T
∗[n + 1]M) with a twisting
function α.
Take a QP manifold of degree n+1, (T ∗[n+1]M, ω,Θ, α), where Θ is assumed a current
homological function. Assume that the projected derive bracket {=, pr}s{{−,Θ}b,−}b is
nondegenerate. Then we can construct a P-manifold of degree n, (M, ωs), where ωs is induced
from the nondegenerate Poisson bracket {−,−}s.
A QP structure is induced on Map(T [1]Σn, T
∗[n+1]M) by the AKSZ construction, where
the QP structures are given by ωb = µ∗ev
∗ωb and Sb = µ∗ev
∗Θ.
At first, we consider the simplest space Bn(T
∗[n + 1]M, 0) in Example 3.1, the space of
pullbacks of functions on M of degree equal to or less than n. By a transgression map, we
obtain a corresponding space on the mapping space, BAn(T ∗[n+1]M, 0) = {J = µ∗ǫ ev∗J ∈
C∞(Map(T [1]Σn, T
∗[n+ 1]M))|J ∈ Bn(T ∗[n + 1]M, 0), J |T ∗[n+1] = 0}.
Using our formula 4.2, we obtain a current algebra on this space BAn(T ∗[n + 1]M, 0).
This current algebra is trivial since {J1,J2}PB = {J1,J2}s = 0 for any J1,J2 ∈ BAn(T
∗[n+
1]M, 0). Recall the space Bn(T
∗[n+1]M, α) = {eδαf |f ∈ Bn(T
∗[n+1]M, 0)} in Example 3.1
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by choosing a function α of degree n. Since Θb is a current homological function, Bn(T
∗[n+
1]M, α) = {eδαf |f ∈ Bn(T
∗[n+1]M, 0)} is a Poisson algebra by the projected derived bracket.
The twisted pullback by Ss can give a nontrivial current algebra for Bn(T
∗[n+1]M, α) if we
choose proper nonzero α.
Two twists above, a twist α and a twisted pullback Ss, can be unified to the twist by the
following one function as
S˜s = Ss + Sα = ιDˆµ∗ev
∗ϑs + µ∗ev
∗α. (5.50)
We consider the following twisted pullback using Equation (5.50):
BAn(T
∗[n + 1]M, α)
= {J = eδS˜sµ∗ǫ ev
∗J ∈ C∞(Map(T [1]Σn, T
∗[n+ 1]M))|J ∈ Bn(T
∗[n + 1]M, α)}.
This defines a consistent Poisson algebra, i.e. a current algebra on Map(T [1]Σn,M). We can
refer to a homological Q-function of an (twisted) AKSZ sigma model by S˜s [24, 25]. In fact,
the Poisson algebra BAn(T ∗[n + 1]M, α) is equivalent to the current algebra of a (twisted)
AKSZ sigma model with the Q-structure action (5.50).
If {S˜s, S˜s}s = 0, S˜s defines the (nontwisted) AKSZ sigma model on Map(T
∗[1]Σn,M) with
the Q-structure S˜s, which is equivalent to the BFV formalism of the AKSZ sigma model.
Example 5.1 (n = 1: Poisson Sigma Model) Let us take the same setting as Example
A.1 with H = 0, a QP-structure of degree 2 on T ∗[2]M = T ∗[2]T ∗[1]M with Θb = ξiqI which
is a current homological function, a canonical symplectic form ωb, and a function of degree 2,
α = 1
2
πIJ(x)pIpJ .
Let X = R× S1 be a two-dimensional worldsheet, and take a supermanifold T [1]S1. The
AKSZ construction defines a QP structure of degree 1 on Map(T [1]S1, T ∗[2]T ∗[1]M). The
symplectic structure of degree 1 on Map(T [1]S1, T ∗[2]T ∗[1]M) is
ωb = µ∗ev
∗ωb =
∫
T [1]S1
µ
(
δxI ∧ δpI + δpI ∧ δq
I
)
. (5.51)
A Q-structure homological function is
Sb = µ∗ev
∗Θ =
∫
T [1]S1
µ ξIq
I . (5.52)
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The projected derived bracket {−,−}s = pr∗{{−, Sb}b,−}b is nondegenerate, i.e. this defines
the small P-structure ωs on Map(T [1]S
1, T ∗[1]M), where pr : T ∗[2]T ∗[1]M → T ∗[1]M .
The twisting function in Equation (5.50) on the mapping space is
S˜s = ιDˆµ∗ev
∗ϑs + µ∗ev
∗α
=
∫
T [1]S1
µ
(
pIdx
I +
1
2
πIJ(x)pIpJ
)
, (5.53)
which is equivalent to the BRST charge of the BFV formalism of the Poisson sigma model
[20, 35] if we expand superfields to component fields.
In order to construct the current algebra of this model from the QP structure, we take
the basis (xI , pI) of B1(T
∗[2]T ∗[1]M, 0) and twist them:
JI(0) = e
δαxI = 0,
JI(1) = e
δαqI = qI + πIJ(x)pJ , (5.54)
Thu we obtain the supergeometric current,
J I(1) = e
δ
S˜sµ∗ǫ q
I = eδSsµ∗ǫ ev
∗eδαqI =
∫
T [1]S1
µ ǫ(0) (dx
I + πIJ(x)pJ). (5.55)
on BA1(T ∗[2]T ∗[1]M,α).
The Poisson bracket of this current is calculated by using the identity (A.71) with H = 0
and the formula (4.22):
{J I(1)(ǫ),J
J
(1)(ǫ
′)}
PB
= −pr∗e
δSsµ∗ǫ(0)ǫ
′
(0) ev
∗{{JI ,Θ}b, J
J}b
= −eδSsµ∗ǫ(0)ǫ
′
(0) ev
∗∂π
IJ
∂xK
(x)JK . (5.56)
Note that there is no anomalous term. The classical part of this equation becomes the correct
current algebra of the Poisson sigma model. In physical notation, this is
{Jcl
I
(1)(σ), Jcl
J
(1)(σ
′)}
PB
= −
∂πIJ
∂xK
(x)(σ)Jcl
K
(1)(σ)δ(σ − σ
′), (5.57)
where Jcl
I
(1)(σ) = ∂σx
I(σ) + πIJ(x(σ))pJ(σ).
Example 5.2 (n = 2: Courant Sigma Model) Consider a QP-structure of degree 3 on
T ∗[3]M = T ∗[3]T ∗[2]E[1], where E is a vector bundle on a smooth manifold M and M =
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T ∗[2]E[1]. Let X = R × Σ2 be a manifold of dimension 3 where Σ2 is a compact (oriented)
manifold of dimension 2, We take a base supermanifold T [1]Σ2. The AKSZ construction
defines a QP structure of degree 1 on Map(T [1]Σ2, T
∗[3]T ∗[2]E[1]). Take local coordinates
on T ∗[3]T ∗[2]E[1] as (xI , qA, pI) of (0, 1, 2) and conjugate coordinates (ξI , ηA, χ
I) of degree
(3, 2, 1).
Corresponding local coordinate superfields on the mapping space are denoted by boldface
letters. Let xI be a map from T [1]Σ2 to M , q
A be a degree 1 section of T ∗[1]Σ2 ⊗ x∗(E[1]),
pI be a degree 2 section of T
∗[1]Σ2 ⊗ x∗(T ∗[2]M), ξI be a degree 3 section of T
∗[1]Σ2 ⊗
x∗(T ∗[3]M), ηA be a degree 2 section of T
∗[1]Σ2 ⊗ x∗(T ∗[3]E[1]), and χI be a degree 1
section of T ∗[1]Σ2⊗x∗(T ∗[3]T ∗[2]M). The symplectic structure on Map(T [1]Σ2, T ∗[2]E[1]) is
ωb = µ∗ev
∗ωb =
∫
T [1]Σ2
µ
(
δxI ∧ δξI − δq
A ∧ δηA + δpI ∧ δχ
I
)
. (5.58)
A current homological function is chosen as Θ = χIξI +
1
2
kABηAηB. Then a Q-structure
function is
Sb = µ∗ev
∗Θ
=
∫
T [1]Σ
µ
(
χIξI +
1
2
kABηAηB
)
, (5.59)
which trivially satisfies {Sb, Sb}b = 0, where kAB is a fiber metric on E. The projected derived
bracket {−,−}s = pr∗{{−, Sb}b,−}b defines the P-structure ωs on Map(T [1]Σ2, T
∗[2]E[1])
since this is nondegenerate. Here pr : T ∗[3]T ∗[2]E[1]→ T ∗[2]E[1]
We can take a twisting function of degree 3 as
α = f1
I
A(x)q
ApI +
1
3!
f2ABC(x)q
AqBqC .
Here f1 and f2 define the bundle map ρ = f1
I
A(x)e
A ∂
∂xI
: E → TM and a 3-form H =
1
3!
f2ABC(x)e
A ∧ eB ∧ eC ∈ ∧3E∗, where eA is a section on E. {α, α}s = 0 is equivalent to the
Courant algebroid structure on E. The Q-structure induced from α is
S˜s = ιDˆµ∗ev
∗ϑs + µ∗ev
∗α
=
∫
T [1]Σ2
µ
(
−pIdx
I +
1
2
kABq
AdqB + f1
I
A(x)q
ApI +
1
3!
f2ABC(x)q
AqBqC
)
,(5.60)
which is of degree 1 and the BRST charge of the BFV formalism of the Courant sigma model
[19, 34].
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In order to construct the current algebra of the Courant sigma model, we take basis
(xI , χI , ηA) of commutative subspace B2(T
∗[3]T ∗[2]E[1], 0), and twist by α. Then basis of
current functions are
JI(0) = e
δαxI = 0,
JI(1) = e
δαχI = χI − f1
I
A(x)q
A,
J(2)A = e
δαηA = ηA − f1
I
A(x)pI −
1
2
f2ABC(x)q
BqC . (5.61)
Supergeometric currents are constructed as
J I(1) = e
δ
S˜sµ∗ǫ ev
∗χI =
∫
T [1]Σ2
µǫ(1) (dx
I − f1
I
A(x)q
A),
J I(2) = e
δ
S˜sµ∗ǫ ev
∗ηA
=
∫
T [1]Σ2
µǫ(0) (kABdq
B − f1
I
A(x)pI −
1
2
f2ABC(x)q
BqC). (5.62)
The current algebra is calculated by the formula 4.23. It is
{J I(1)(ǫ),J
J
1 (ǫ
′)}PB = 0,
{J(2)A(ǫ),J
I
(1)(ǫ
′)}PB = −µ∗e
δSs ǫ(0) ǫ
′
(1) ev
∗∂f
I
1A
∂xJ
(x)JJ(1),
{J(2)A(ǫ),J(2)B(ǫ
′)}PB = µ∗e
δSs ǫ(0) ǫ
′
(0) ev
∗
(
∂f2ABC
∂xI
(x)JI(1)q
C + f2ABC(x)k
CDJ(2)D
)
.
The classical part of this equation derives the correct current algebra of the Courant sigma
model:
{Jcl
I
(1)i(σ), Jcl
J
(1)j(σ
′)}PB = 0,
{Jcl(2)A(σ), Jcl
I
(1)i(σ
′)}PB = −
∂f I1A
∂xJ
(x)Jcl
J
(1)i(σ)δ
2(σ − σ′),
{Jcl(2)A(σ), Jcl(2)B(σ
′)}PB =
(∂f2ABC
∂xI
(x)(Jcl
I
(1)1(σ)q
C
2 (σ)− Jcl
I
(1)2(σ)q
C
1 (σ))
+f2ABC(x)k
CDJcl(2)D(σ)
)
δ2(σ − σ′),
where
Jcl
I
(1)i(σ) = ∂ix
I(σ) + f I1A(x(σ))q
A
i (σ),
Jcl(2)12,A(σ) = kAB(∂1q
B
2 (σ)− ∂2q
B
1 (σ)) + f
I
1A(x(σ))pI12(σ) + f2ABC(x(σ))q
B
1 (σ)q
C
2 (σ),
which are coincide with currents in the Courant sigma model.
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6 Summary and outlook
We have reformulated the current algebra theory by supergeometry and constructed new
current algebras with higher structures induced from QP structures. This new formulation
makes not only the calculations easier but also shed light on mathematical structures of the
current algebras clearer.
Extension of our theory to more general current algebras including higher derivative terms
[13] is interesting. Another recent analysis for a current algebra theory appears in [1, ?]. It
is interesting to analyze relations to our theory.
Though we have analyzed the classical aspect of the current algebra, a quantum version
of the theory is important for mathematical properties and applications of current algebras.
The formulation in Theorem 4.2 is based on an explicit expression of a set of functions
under the derived bracket including a projection. A general theory for the derived bracket
and projections is remained to be understood.
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A Current functions on twisted Poisson structures
Here, we explain a typical example of the space of current functions in the n = 1 case.
Example A.1 (n = 1: Twisted Poisson structure) Let M = T ∗[1]M be a graded man-
ifold of degree 1 on a smooth manifold M , and (T ∗[2]M, ωb,Θ) a QP-manifold of degree 2.
Take local coordinates (xI , pI , q
I , ξI) of degree (0, 1, 1, 2), where (ξI , q
I) is the conjugate basis
of (xI , pI), i.e. M = {(xI , pI , qI , ξI)|ξI = qI = 0}. The canonical graded symplectic structure
is
ωb = δx
I ∧ δξI + δpI ∧ δq
I .
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ωb defines a Poisson bracket {−,−}b such that {xI , ξJ}b = {pJ , qI}b = δIJ , and other Poisson
brackets are zero.
Since a homological function Θ is of degree 3, we can assume Θ as
Θ = ξIq
I +
1
3!
HIJK(x)q
IqJqK , (A.63)
Here a 3-form onM , H defined by H = 1
3!
HIJK(x)dx
I ∧dxJ ∧dxK is closed. Then, Θ satisfies
the classical master equation {Θ,Θ}b = 0, and this Θ is a current homological function.
Let us consider the space of current functions for n = 1,
C1(T
∗[2]T ∗[1]M) = {f ∈ C∞(T ∗[2]T ∗[1]M)||f | ≤ 1}.
Elements are functions of degree 0 and 1 on T ∗[2]M. A function of degree 0 is a function on
M , J(0)f = f(x). A functions of degree 1 is linear of q
I and pI , J(1)(u,a) = aI(x)q
I + uI(x)pI .
J(1)(u,a) is regarded as a section of TM ⊕T
∗M since C∞(T [1]M) is identified to Γ(∧•(T ∗M)),
and C∞(T ∗[1]M) is identified to Γ(∧•(TM)). That is, aI(x)q
I + uI(x)pI is identified with
aI(x)dx
I + uI(x) ∂
∂xI
. As explained in the general theory, a small graded Poisson bracket on
C1(T
∗[2]T ∗[1]M) is given by the projected derived bracket, {−,−}s = pr∗{{−,Θ}b,−}b. This
small bracket is parametrized by (xI , pI) and satisfies {xI , pJ}s = δIJ and the Poisson bracket
is nondegenerate.
Let J ′(0)(v) = g(x) ∈ C1(T
∗[2]T ∗[1]M) and J ′(1)(v,b) = bI(x)q
I + vI(x)pI ∈ C1(T ∗[2]T ∗[1]M).
The derived brackets of functions are computed as
{{J(0)(f),Θ}b, J
′
(0)(g)}b = 0, (A.64)
{{J(1)(u,a),Θ}b, J
′
(0)(g)}b = −u
I
∂J ′(0)(g)
∂xI
, (A.65)
{{J(1)(u,a),Θ}b, J
′
(1)(v,b)}b = −
[(
uJ
∂vI
∂xJ
− vJ
∂uI
∂xJ
)
pI
+
(
uJ
∂bI
∂xJ
− vJ
∂aI
∂xJ
+ vJ
∂aJ
∂xI
+ bJ
∂uJ
∂xI
+HJKIu
JvK
)
qI
]
= −J(1)([(u,a),(v,b)]D). (A.66)
where [(u, a), (v, b)]D is a Dorfman bracket on TM ⊕ T ∗M defined by
[(u, a), (v, b)]D = [u, v] + Lub− ιvda+ ιuιvH, (A.67)
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for u, v ∈ Γ(TM), a, b ∈ Γ(T ∗M), H is a closed 3-form, [u, v] is a Lie bracket of vector fields,
Lu is a Lie derivative and ιv is the interior product. (A.64)– (A.66) induce graded Poisson
brackets on the small P-manifold M:
{J(0)(f), J
′
(0)(g)}s = 0,
{J(1)(u,α), J
′
(0)(g)}s = −u
I
∂J ′(0)(g)
∂xI
,
{J(1)(u,a), J
′
(1)(v,b)}s = −J(1)([u,v],0). (A.68)
Next, we identify Comm1(T
∗[2]M), which is a Poisson commutative subspace with respect
to the big Poisson bracket {−,−}b. Big Poisson brackets of current functions are
{J(0)(f), J
′
(0)(g)}b = 0,
{J(1)(u,a), J
′
(0)(g)}b = 0.
{J(1)(u,a), J
′
(1)(v,b)}b = aIv
I + uIbI = 〈(u, a) , (v, b)〉. (A.69)
Here 〈(u, a) , (v, b)〉 is the inner product on TM ⊕T ∗M . Therefore the commutative subspace
(Comm1(T
∗[2]M), {−,−}s) is equivalent to the subspace of functions J(i)’s with 〈(u, a) , (v, b)〉 =
0, which is nothing but the Dirac structure [29].
We deform the above Poisson algebra by introducing a function α of degree 2. We take
α = 1
2
πIJ(x)pIpJ , which is a pullback of the same function on M.
We consider a special condition for α as an example. Let L be a Lagrangian submanifold of
a QP-manifold N . Then a function α ∈ C∞(N ) is called a canonical function respect to L if
eδαΘ|L = pr∗e
δαΘ = 0 [25]. This condition is related to a boundary condition of AKSZ sigma
models with boundary and important to analyze current algebras of AKSZ sigma models.
It is also considered as a generalized Maurer-Cartan equation for α. In this article, we take
L =M and N = T ∗[n+ 1]M. In fact,
pr∗e
δαΘ = pr∗(Θ + {Θ, α}b +
1
2
{{Θ, α}b, α}b +
1
3!
{{{Θ, α}b, α}b, α}b + · · · ). (A.70)
The second term is the derived bracket, which gives the small bracket {α, α}s.
Suppose that α = 1
2
πIJ(x)pIpJ is a canonical function, e
−δαΘ|M = 0. This condition is
equivalent to the following equation:
∂πIJ
∂xL
πLK + (IJK cyclic) = πILπJMπKNHLMN . (A.71)
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i.e. the bivector field π = 1
2
πij(x) ∂
∂xi
∧ ∂
∂xi
satisfies [π, π]S = ∧3π♯H , which a twisted Poisson
structure on M [31, 26, 39]. We obtain different small brackets on currents from Equations
(A.68) as follows.
The subspace of commutative functions twisted by α is B1(T
∗[2]T ∗[1]M,α) = {eδαf |f ∈
B1(T
∗[2]T ∗[1]M, 0)}. Since the twisted derived bracket {{J1, e−δαΘ}b, J2}b is equivalent to
{{eδαJ1,Θ}b, eδαJ2}b by a canonical transformation, we calculate the latter equation. We take
the basis KI(0) = x
I and KI(1) = q
I for B1(T
∗[2]T ∗[1]M, 0). Their graded Poisson brackets and
derived brackets vanish. Twisting by α, the basis changes to
JI(0) = e
δαxI = xI ,
JI := JI(1) = e
δαqI = qI + πIJ(x)pJ , (A.72)
an obtain the space B1(T
∗[2]T ∗[1]M,α). The Poisson bracket of JI ’s are zero {JI , JJ}b = 0,
but the derived bracket is
{{JI ,Θ}b, J
J}b = −
(
∂πIJ
∂xK
+ πILπJMHLMK
)
JK , (A.73)
using Equation (A.71). This derives the small Poisson bracket on the small manifold M,
{pr∗J
I , pr∗J
J}s = pr∗{{J
I ,Θ}b, J
J}b = −
(
∂πIJ
∂xK
+ πILπJMHLMK
)
pr∗J
K , (A.74)
where pr∗J
K = πKLpL. This gives a Poisson algebra associated to twisting by the canonical
function α.
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